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Figure 1. Degree variances of some recent geomagnetic �eld models (Cain
et al.1989; Sabakaet al.2004). The upward slope above degree 15 should not
be interpreted as a noise contamination because the degree variance slopes
upward for a spatially uncorrelated �eld. A correctly de�ned geomagnetic
power spectrum has a �at crustal �eld spectrum (see Fig. 4).

important to have compatible de�nitions of the geomagnetic power
spectrum for global and regional data sets. Here, I provide a com-
plete derivation of the geomagnetic power spectrum for spherical
harmonic expansions and plane grids. This yields the appropriate
scaling factors, including multiples of the Earth radiusRe, grid side
lengthL and number of grid cellsn, to bring spherical and plane
spectra to a common power level. A complication arises because
regional grids usually represent the anomaly of the total intensity
rather than the vector of the magnetic �eld. While the total intensity
measurements do not completely determine the �eld vector, it is
shown here that the magnetic �eld spectrum can nevertheless be
estimated from such data. The usefulness of the new de�nitions is
demonstrated by comparing the global NGDC-720 spectrum with
the average corresponding spectra of local subgrids from NGDC’s
World Magnetic Anomaly Map (Mauset al.2007b).

T H E O RY

The main challenge in de�ning a geomagnetic power spectrum is to
�nd the correct scale factors. The idea behind the following deriva-
tion is to �rst de�ne the power in a coordinate-independent way, and
then decompose it into contributions from different wavelengths for
a speci�c coordinate system.

The internal magnetic �eldB on the surface of the Earth has an
expected valueE{B (x1, x2)} at the location (x1, x2) and a variance

E
{
[B(x1, x2) − E{B(x1, x2)}]2

} = E
{
B(x1, x2)2

}− E{B(x1, x2)}2,

(2)

where all squares and multiplications of vectors are to be read as
scalar products. The quantityE{B (x1, x2)2} shall be referred to as
the power of the �eld. This power can be written as an integral over
the 2-D spectral densityP(k1, k2) as

E{B(x1, x2)2} =
∫ ∞

−∞

∫ ∞

−∞
P(k1, k2) dk1 dk2 (3)

=
∫ ∞

0

∫ 2π

0
P(k cosα, k sinα) kdα dk, (4)

wherek =
√

k2
1 + k2

2 is the wavenumber measured in radians per
kilometre, andα is the azimuth. In contrast to the wavenumber, the
azimuth depends on the orientation of the coordinate system.

There are several possibilities to de�ne a spectral densityP(k)
which is only a function of the wavenumber and independent of
the azimuth. However, to avoid misinterpretation,P(k) should be
de�ned in such a way that it is �at for a spatially uncorrelated ‘white
noise’ magnetic �eldW(x1, x2).

The autocorrelation function of a white noise magnetic �eld
W(x1, x2) is a Dirac δ-function. Its 2-D spectral densityP(k1,
k2), which is the 2-D Fourier transform of the autocorrelation func-
tion, is constant. We therefore, have the simple situation in which
the 1-D spectral density of any cross-section ofW(x1, x2) is con-
stant, and the 2-D spectral densityP(k1, k2) is also constant. The
desired spectral densityP(k) is also constant if it is not de�ned
as an azimuthal sum but as an azimuthal average ofP(k1, k2) as
in

P(k) = 1
2π

∫ 2π

0
P(k cosα, k sinα) dα. (5)

With de�nition (5) the expected power in eq. (4) can be written as

E{B(x1, x2)2} =
∫ ∞

0
P(k) 2πk dk. (6)

Values ofP(k) carry the unit nT2 km2, which is the unit of a 2-D
power spectral density. The spectral densityP(k) as de�ned in (5)
is independent of the coordinate-system.

Spherical harmonic power spectrum

In geocentric spherical polar coordinates, with radiusr, colatitude
ϑ and longitudeϕ, we can writeB, following the notation of Backus
et al. (1996), as a sum of spherical harmonic contributionsBm

� of
degree� and ordermas

B(ϑ, ϕ) =
∞∑

�=1

�∑
m=−�

Bm
� (ϑ, ϕ), (7)

where increasing values of� on a sphere with radiusr correspond
to decreasing wavelengthsλ = 2πr /(� + 1/2). The contributions
are orthogonal in the sense that

〈Bm
� (ϑ, ϕ)Bm′

�′ (ϑ, ϕ)〉 = 0 for � �= �′ or m �= m′, (8)

where〈·〉 denotes the mean over the surface of the sphere. Then the
power can be written as

E{B(ϑ, ϕ)2} = 〈B(ϑ, ϕ)2〉 =
∞∑

�=1

�∑
m=−�

〈
Bm

� (ϑ, ϕ)2
〉

(9)

de�ning a discrete representation of the power in terms of contri-
butions of degree� and orderm. Let us now represent the magnetic
�eld contribution Bm

� in the usual way as the gradient of a scalar
magnetic potentialψ :

Bm
� = −�ψm

� = −
(

1
r

�s + r̂∂r

)
ψm

� , (10)

with surface gradient�s = r � − r∂r = �̂∂ϑ + (�̂/sinϑ)∂ϕ . The
magnetic potential is given in terms of the Gauss coef�cientsgm

� as

ψm
� (r, ϑ, ϕ) = Re

(
Re

r

)�+1

gm
� βm

� (ϑ, ϕ), (11)

where the Schmidt semi-normalized spherical harmonic basis func-
tionsβm

� (ϑ , ϕ) (Backuset al.1996, p. 141–142) are de�ned as

βm
� = cosmϕ �Pm

� (cosϑ), 0 ≤ m ≤ � (12)
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β−m
� = sinmϕ �Pm

� (cosϑ), 1 ≤ m ≤ �, (13)

and the functions�Pm
� (μ) are given by

�Pm
� (μ) =

⎧⎨⎩
√

2(�−m)!
(�+m)! Pm

� (μ) if 1 ≤ m ≤ �

P�(μ) if m = 0,

(14)

where Pm
� (μ) are the associated Legendre functions (eq. 3.7.2

Backuset al. 1996). Then the power at a particular degree and
order can be written (Backuset al.1996, p. 145–146) as〈(

Bm
�

)2
〉
=
〈(1

r
�sψ

m
�

)2〉
+ 〈

(r̂∂r )ψm
�

)2〉
(15)

= (
gm

�

)2
(

Re

r

)2�+4[〈(
�sβ

m
�

)2
〉
+
〈
(� + 1)2

(
βm

�

)2
〉]

(16)

= (
gm

�

)2
(

Re

r

)2�+4
�(� + 1) + (� + 1)2

2� + 1
(17)

= (� + 1)
(
gm

�

)2
(

Re

r

)2�+4

. (18)

The discrete representation of the geomagnetic �eld power (9) then
becomes

E{B(ϑ, ϕ)2} =
∞∑

�=1

(� + 1)
(

Re

r

)2�+4 �∑
m=−�

(
gm

�

)2
. (19)

In (19) a sum over the indexmis followed by an outer sum over the
harmonic degree�. In contrast to�, the azimuthal indexmdepends
on the orientation of the coordinate system. As in de�nition (5),
we become independent of the coordinate system by averaging over
the azimuthal indexm. Performing the inner azimuthal sum in (19)
then gives

E{B(ϑ, ϕ)2} =
∞∑

�=1

(2� + 1)S�, (20)

where the geomagnetic power spectrumS� is de�ned as

S� = � + 1
2� + 1

(
Re

r

)2�+4 �∑
m=−�

(
gm

�

)2
. (21)

This is the de�nition that should be used for the geomagnetic power
spectrum instead ofR� of eq. (1). The quantityS� of eq. (21)
provides the average power per independent mode, of which there
are 2� + 1 for each degree�. This is consistent with the usual
de�nition of a spatial power spectrum. In contrast,R� provides the
total power of all modes combined for a given degree. As pointed
out by Hipkin (2001), the quantityR� is, therefore, more, adequately
referred to as the degree variance, rather than a power spectrum.
The degree variance, computed as an azimuthal sum (rather than an
average) over the ordersm, slopes upward with increasing degree
� for a spatially uncorrelated �eld, as seen for the Earth’s crustal
magnetic �eld at long wavelengths (Fig. 1).

In order to establish compatibility with plane grids, we have
to extend the discrete geomagnetic power spectrum (21) into a
continuous spectral density. Extending the discrete functionS� into
a continuous step functionS(�), whereS(�) = Sround(�), we can write
eq. (20) as

E{B(ϑ, ϕ)2} =
∫ ∞

1/2
(2� + 1) S(�) d�. (22)

Integration starts at 1/2, as the lowest value that will round to� = 1.
Next, let us transform the integrand to a function of the wavenumber
k. The wavenumber of a spherical harmonic of degree� is (p. 103
Backuset al.1996)

k =
√

�(� + 1)
r

≈ � + 1/2
r

. (23)

We can substitute d� = r dk, giving

E{B(ϑ, ϕ)2} =
∫ ∞

1/r
2rk S(rk − 1/2) r dk (24)

=
∫ ∞

1/r

r 2 S(rk − 1/2)
π︸ ︷︷ ︸

P(k)

2πk dk (25)

Hence, the expected powerE {B (ϑ , ϕ)2} can be written as an
integral over the spectral densityP(k), as prescribed in the nor-
malization condition (6). The spherical harmonic coef�cientsgm

�

provide values ofP(k) at wavenumbersk� = (� + 1/2)/r with

P(k�) = r 2 S(�)
π

= r 2(� + 1)
π (2� + 1)

(
Re

r

)2�+4 �∑
m=−�

(
gm

�

)2
. (26)

This spectral densityP(k�) follows from the discrete geomagnetic
power spectrum (21) by multiplication withr 2/π . The spectral den-
sity P(k) is used later to relate plane spectra to the geomagnetic
power spectrumS�. It is also useful for comparing magnetic �eld
spectra from different planets because, in contrast toS� of (21), the
spectral densityP(k) of (26) is an absolute measure of �eld vari-
ability, independent of the radius of the sphere on which the data
are collected. For example, ifEgm

� and M gm
� are the Gauss coef-

�cients of the terrestrial and martian magnetic �elds, respectively,
thenP(k) of (26) allows for the direct comparison of magnetic �eld
power spectra for Earth and Mars. This compatibility follows di-
rectly from de�nitions (4) to (6), but it is not easy to see in (26)
because the Gauss coef�cientsgm

� depend on the chosen planetary
reference radiusRe.

Total intensity spectrum

Aeromagnetic surveys usually resolve only the total intensity of the
�eld. This is primarily due to the technical dif�culty of accurately
orienting a vector magnetometer on an aircraft. To compare such
data with global �eld models, one can estimate the total intensity
spectrum from the aeromagnetic data and compare it with the global
total intensity spectrum. A more attractive possibility, discussed be-
low, is to directly estimate the geomagnetic power spectrum corre-
sponding to eq. (21) from the local total intensity data.

There are two ways of obtaining a globally averaged total in-
tensity spectrum from the spherical harmonic coef�cients of the
magnetic potential. A numerical approach is to use a reverse spher-
ical harmonic transform to compute a latitude/longitude grid of the
magnetic �eldB from the Gauss coef�cientsgm

� . Then compute|B|
and obtain the spherical harmonic coef�cients of|B| by a forward
transform. These coef�cients can then be used to compute the exact
total intensity spectrumT � by

T� = 1
(2� + 1)2

�∑
m=−�

(
tm
�

)2
, (27)

wheretm
� are the Schmidt semi-normalized spherical harmonic co-

ef�cients of the total intensity. Here, one division by (2� + 1) is
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the spectrum falls off with a nearly constant slope in log–log scale.
This is due to the self-similar (fractal) distribution of the crustal
magnetization (Pilkington & Todoeschuck 1993; Maus & Dimri
1994). In the intermediate wavelength range (about 50–500 km) the
curvature of the log–log spectrum follows naturally from the limited
depth extent of the crustal magnetization, as can be reproduced from
a slab model with self-similar magnetization (Mauset al. 1997).
At longer wavelengths (500–2500 km) the spectrum is nearly �at,
indicating that the crustal magnetic �eld is spatially uncorrelated.
Finally, above wavelengths of 2500 km, the crustal �eld is masked
by the main �eld from the Earth’s core.
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A P P E N D I X A

In general, superimposing a harmonic of wavenumberω1 onto a
harmonic of wavenumberω2 leads to a sum of harmonics with
wavenumbers (ω1 − ω2) and (ω1 + ω2). Applied to the situation of
an Earth with a dipolar main magnetic �eld of harmonic degree 1,
a high degree harmonicBm

� makes contributions of degrees (� − 1)
and (� + 1) to the total intensity of the �eld. As shall be shown in
the following, the contribution in terms of power to degree (� − 1)
is approximately one order of magnitude stronger than to degree
(� + 1), so the latter should be negligible in most cases.

Let us assume that the coordinate axis is aligned with the dipole
axis. Then∣∣B||

�,m

∣∣ = B0
1 · Bm

�∣∣B0
1

∣∣ = Br
1,0Br

�,m + Bt
1,0 · Bt

�,m∣∣B0
1

∣∣ , (A1)

whereB||
�,m is the projection ofBm

� onto the direction of the main
�eld. From eqs (34) and (35), withβ0

1 ∝ cosϑ follows[
gm

�

(
Re

r

)�+2
]−1 √

1 + 3 cos2ϑ
∣∣B||

�,m

∣∣
︸ ︷︷ ︸

Am
�

= 2(� + 1) cosϑ βm
� − sinϑ ∂ϑβm

� . (A2)

To eliminate all occurrences ofϑ and∂ϑ , we require the following
relations for fully normalized spherical harmonics

s2∂μβm
� = (� + 1)μβm

� −
√

(2� + 1)(� − m + 1)(� + m + 1)
2� + 3

βm
�+1

(A3)

μβm
� =

√
(� − m)(� + m)
(2� − 1)(2� + 1)

βm
�−1 +

√
(� − m + 1)(� + m + 1)

(2� + 1)(2� + 3)
βm

�+1,

(A4)

wheres = sinϑ andμ = cosϑ . Relations (A3) and (A4) are valid
for all m and can be deduced from properties of the associated
Legendre functions (Backuset al. 1996, eqs 3.7.38 and 3.7.14).
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Using �rst (A3) and then (A4) in eq. (A2) gives

Am
� = 3(� + 1)

√
(� − m)(� + m)
(2� − 1)(2� + 1)

βm
�−1

+ (� + 2)

√
(� − m + 1)(� + m + 1)

(2� + 1)(2� + 3)
βm

�+1. (A5)

Having used fully normalized spherical harmonics, we can
argue that the �rst term on the right is three times stronger in ampli-
tude, hence, roughly one order of magnitude stronger in power than
the second term. However, this conclusion is valid only if the ex-
pectation for (B�

�)
2 and (B−�

� )2 is not higher than for the lower orders
|m| < �.
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